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Abstract We propose a scheme to implement a two-bit conditional quantum phase gate and
generate a multi-atom cluster state and a two-atom three-dimensional entangled state based
on photon emission and absorption processes. In the scheme, a �-type atom and a V -type
atom are individually trapped in two spatially separated cavities connected by an optical
fiber. By choosing the interaction time and the ratio of coupling parameters appropriately,
the gate operation and entanglement generation can be determinately achieved. We also
discuss the influence of photon Leakage on the fidelities of the gate and entanglement and
show that the scheme is scalable and feasible in the experimental realization and further
utilization.

Keywords Quantum phase gate · Cluster state · Three-dimensional entangled state ·
Optical fiber

1 Introduction

In recent years, quantum computation and quantum entangled state preparation are two very
important research fields in quantum information science. Quantum computation, which
employs the principle of coherent superposition, can solve certain problems much faster than
on a conventional computer. It is well known that a universal quantum computer can be built
from only a one-bit unitary gate and a two-bit conditional quantum phase gate. Such gates
have been intensively investigated and implemented by using different physical systems,
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such as cavity quantum electrodynamics (QED) system [1–3], linear optical system [4],
ion trap system [5, 6], nuclear magnetic resonance (NMR) system [7], Josephson charge
qubits in superconducting circuit [8], and so on. On the other hand, quantum entanglement
is one of the most striking features of quantum mechanics. It not only gives the possibility
for the testing of quantum mechanics against local hidden theory, but also holds the key of
applications in quantum information processing such as quantum cryptography [9], quantum
teleportation [10], and quantum dense coding [11, 12]. Many theoretical and experimental
schemes have been proposed to generate quantum entangled states [13–24].

The implementation of conditional quantum phase gate and generation of quantum en-
tangled state between two spatially separated subsystems are very useful for distributed
quantum computation. In 1997 Pellizzari [25] first proposed a scheme for reliable quantum
state transfer between two atoms via an optical fibre in the presence of decoherence based
on performing an adiabatic passage through two cavities which remain in their respective
vacuum states during the whole operation. By using the similar setup, Serafini et al. [26]
proposed a scheme to realize highly reliable swap and entangling gates between two atoms
in distant cavities coupled by an optical fiber. In this paper, motivated by the ideas in Refs.
[25, 26], we propose a theoretical scheme for the implementation of a two-bit conditional
quantum phase gate and the generation of entangled atomic states through photon emis-
sion and absorption processes in distant cavities. Two atoms, one is �-type and the other
is V -type, individually interact with two spatially separated large detuning optical cavities
connected by an optical fiber. We analyze the influence of photon Leakage on the fidelities
of the gate and entanglement showing that the present scheme is robust with respect to the
atomic spontaneous decay and photon leakage out of fiber due to the dispersive atom-field
interaction and strong cavity-fiber coupling strength.

The rest of the paper is organized as follows: In Sect. 2, we describe the basic model used
in this paper and derive the effective Hamiltonian of the system. In Sect. 3, we show how
to implement a two-bit conditional quantum phase gate by choosing the interaction time
and the ratio of the coupling parameters. In Sect. 4, we show how to generate a multi-atom
cluster state and a three-dimensional entangled state. In Sect. 5, we analyze and discuss
the influence of photon leakage of the cavities and fiber on the implementation of condi-
tional quantum phase gate and the generation of three-dimensional entangled state. Finally,
a conclusion is given in Sect. 6.

2 Model

As shown in Fig. 1(a), we consider a cavity-fiber-cavity system, which consists of two spa-
tially separated cavities (A and B) connected by an optical fiber. Two atoms, whose lev-
els are depicted by Fig. 1(b), are individually trapped in cavities A and B . In cavity A

the atomic transitions |eS〉 ↔ |gL〉 (|eS〉 ↔ |gR〉) are coupled to the left-circularly (right-
circularly) polarized cavity modes with the coherent coupling rates λA,L (λA,R); the transi-
tion |g0〉 ↔ |eS〉 is driven by a π -polarized classical field with the Rabi frequency �A. In
cavity B the atomic transitions |eL〉 ↔ |gS〉 (|eR〉 ↔ |gS〉) are coupled to the left-circularly
(right-circularly) polarized cavity modes with the coherent coupling rates λB,L (λB,R); the
transitions |gL〉 ↔ |eL〉 and |gR〉 ↔ |eR〉 are driven by a π -polarized classical field with the
Rabi frequency �B . Under the dipole and rotating-wave approximation, the Hamiltonian of
the system in the interaction picture is (� = 1) [26, 27]

HI = HA
I + HB

I + HF
I , (1)
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Fig. 1 (a) Schematic of cavity-fiber-cavity system. (b) Involved atomic levels and transitions in cavities A

and B , respectively

where

HA
I = −�A|eS〉A〈eS | +

(
�A|eS〉A〈g0| +

∑
j=L,R

λA,j aA,j |eS〉A〈gj | + H.c.

)
,

HB
I = −�B(|eL〉B〈eL| + |eR〉B〈eR|) +

[
�B(|eL〉B〈gL| + |eR〉B〈gR|)

+
∑

j=L,R

λB,j aB,j |ej 〉B〈gS | + H.c.

]
,

HF
I =

∑
j=L,R

ξjbj (a
†
A,j + a

†
B,j ) + H.c.,

(2)

where Hi
I (i = A,B) and HF

I (here we consider the case of short fiber limit (2Lν)/(2πC) ≤
1, with L being the length of fiber and ν being the decay rate of the cavity fields into a
continuum of fiber modes, only resonant modes of the fiber interacts with the cavity modes.)
denote the interaction Hamiltonian of atom-cavity and cavity-fiber, respectively; aA/B,j (j =
L,R) are the annihilation operators of the two circular polarizations σ±, respectively; ξj

and bj (j = L,R) are the cavity-fiber coupling constants and the annihilation operators for
photons associating with the fiber corresponding to different circular polarization; �A and
�B are the frequency detunings.

In the case of large-detuning conditions, i.e., |�k| � |�k|, |λk,l | (k = A,B; l = L,R),
the excited states of atoms |em〉 (m = L,S,R) are only virtually excited in the process of
atom-cavity interaction. Therefore, by applying standard quantum optical techniques, the
excited states can be eliminated adiabatically to obtain the effective Hamiltonian

Heff =
∑

j=L,R

[
ζA,j

(
aA,j |g0〉

〈
gj | + a

†
A,j |gj

〉〈g0|
) + ζB,j

(
aB,j |gj 〉

〈
gS | + a

†
B,j |gS

〉〈gj |
)]

+
[ ∑

j=L,R

ξjbj

(
a

†
A,j + a

†
B,j

) + H.c.

]
, (3)
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where ζn,k = λn,k�n

�n
(n = A,B; k = L,R) are the effective Rabi frequencies. In the process

of deriving effective Hamiltonian (3), we have safely neglected the terms of cavity- and
laser-induced atomic level shifts, which can be compensated by using second lasers which
couple corresponding atomic levels nonresonantly with additional levels farther up in the
atomic level scheme [25].

3 Implementation of Conditional Quantum Phase Gate

In this section, we show how to implement a two-bit conditional quantum phase gate by
using the model mentioned in Sect. 2. The quantum information is stored in the states |gS〉
and |g0〉, i.e., the qubits are encoded by |gS〉 ≡ |0〉, |g0〉 ≡ |1〉. Assume that all the cavity
modes are initially in the vacuum state |0〉A|0〉B |0〉F . Under the Hamiltonian (3), the states
|gS〉A|gS〉B and |gS〉A|g0〉B do not evolve with time since Heff|gS〉A|gS〉B |0〉A|0〉B |0〉F =
Heff|gS〉A|g0〉B |0〉A|0〉B |0〉F = 0. The time evolutions of the states |g0〉A|g0〉B |0〉A|0〉B |0〉F
and |g0〉A|gS〉B |0〉A|0〉B |0〉F are governed by the Schrödinger equation

i
∂

∂t
|ψ(t)〉 = Heff|ψ(t)〉. (4)

If the state of the system is initially in the state |g0〉A|g0〉B |0〉A|0〉B |0〉F , after time t , this
state will evolve to

|g0〉A|g0〉B |0〉A|0〉B |0〉F
→ a1(t)|g0〉A|g0〉B |0〉A|0〉B |0〉F + a2(t)|gL〉A|g0〉B |1L〉A|0〉B |0〉F

+ a3(t)|gL〉A|g0〉B |0〉A|0〉B |1L〉F + a4(t)|gL〉A|g0〉B |0〉A|1L〉B |0〉F
+ a5(t)|gR〉A|g0〉B |1R〉A|0〉B |0〉F + a6(t)|gR〉A|g0〉B |0〉A|0〉B |1R〉F
+ a7(t)|gR〉A|g0〉B |0〉A|1R〉B |0〉F , (5)

where |1L(R)〉 denotes either a photon number state with one left- and/or right-circularly
polarized photon. If the state of the system is initially in the state |g0〉A|gS〉B |0〉A|0〉B |0〉F ,
the state will evolve to

|g0〉A|gS〉B |0〉A|0〉B |0〉F
→ b1(t)|g0〉A|gS〉B |0〉A|0〉B |0〉F + b2(t)|gL〉A|gS〉B |1L〉A|0〉B |0〉F

+ b3(t)|gL〉A|gS〉B |0〉A|0〉B |1L〉F + b4(t)|gL〉A|gS〉B |0〉A|1L〉B |0〉F
+ b5(t)|gL〉A|gL〉B |0〉A|0〉B |0〉F + b6(t)|gR〉A|gS〉B |1R〉A|0〉B |0〉F
+ b7(t)|gR〉A|gS〉B |0〉A|0〉B |1R〉F + b8(t)|gR〉A|gS〉B |0〉A|1R〉B |0〉F
+ b9(t)|gR〉A|gR〉B |0〉A|0〉B |0〉F . (6)

For simplicity, we set �A = �B = �, ξL = ξR = ξ , λA,L = λA,R = λB,L = λB,R = λ,
�A = � = �B√

2
. In this way we have ζA,L = ζA,R = ζ = ζB,L√

2
= ζB,R√

2
. Substituting (5) and

(6) into (4), we get
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a1(t) = 1

2

[
cosh(μt) + cosh(νt)

] + ξ 2 − ζ 2

2
√

ξ 4 + ζ 4

[
cosh(μt) − cosh(νt)

]
,

a2(t) = a5(t) = i

4ζ

[
μ sinh(μt) + ν sinh(νt)

] + i(ξ 2 − ζ 2)

4ζ
√

ξ 4 + ζ 4

[
μ sinh(μt) − ν sinh(νt)

]
,

a3(t) = a6(t) = ξζ [cosh(νt) − cosh(μt)]
2
√

ξ 4 + ζ 4
,

a4(t) = a7(t) = − iξ 2ζ

2
√

ξ 4 + ζ 4

[
sinh(νt)

ν
− sinh(μt)

μ

]
,

(7)

where μ =
√

−ξ 2 − ζ 2 + √
ξ 4 + ζ 4 and ν =

√
−ξ 2 − ζ 2 − √

ξ 4 + ζ 4. And

b1(t) = 1

2

[
cos(

√
2ζ t) + 1

] + ζ 2

2(ξ 2 + ζ 2)

{
cos

[√
2
(
ξ 2 + ζ 2

)
t
] − 1

}
,

b2(t) = b6(t) = − i

2
√

2

{
sin(

√
2ζ t) + ζ√

ξ 2 + ζ 2
sin

[√
2
(
ξ 2 + ζ 2

)
t
]}

,

b3(t) = b7(t) = ξζ

2(ξ 2 + ζ 2)

{
cos

[√
2
(
ξ 2 + ζ 2

)
t
] − 1

}
,

b4(t) = b8(t) = i

2
√

2

{
sin(

√
2ζ t) − ζ√

ξ 2 + ζ 2
sin

[√
2
(
ξ 2 + ζ 2

)
t
]}

,

b5(t) = b9(t) = 1

2
√

2(ξ 2 + ζ 2)

{
ξ 2 + ζ 2 cos

[√
2
(
ξ 2 + ζ 2

)
t
] − (

ξ 2 + ζ 2
)

cos(
√

2ζ t)
}
.

(8)

We notice that in (8), if choosing
√

2ζ t = 2nπ (n = 1,2,3, . . .) and
√

ξ 2 + ζ 2 =
ζ

√
1 + ξ2

ζ 2 = mζ (m = 1,2,3, . . .), then we have b1 = 1 and bi = 0 (i = 2,3, . . . ,9). In this
way, we obtain the form of the quantum phase gate in the computational subspace spanned
by {|gS〉A|gS〉B, |gS〉A|g0〉B, |g0〉A|gS〉B, |g0〉A|g0〉B}, as given below:

|gS〉A|gS〉B −→ |gS〉A|gS〉B,

|gS〉A|g0〉B −→ |gS〉A|g0〉B,

|g0〉A|gS〉B −→ |g0〉A|gS〉B,

|g0〉A|g0〉B −→ −α|g0〉A|g0〉B,

(9)

with

α = a1(
√

2nπ/ζ ) = −1

2

[
cosh

(√
2nμ′π

) + cosh
(√

2nν ′π
)]

+ 2 − m2

2
√

(m − 1)2 + 1

[
cosh

(√
2nμ′π

) − cosh
(√

2nν ′π
)]

,

μ′ =
√

−m2 +
√(

m2 − 1
)2 + 1,

ν ′ =
√

−m2 −
√(

m2 − 1
)2 + 1 (m,n = 1,2,3, . . .).

(10)
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Fig. 2 The average fidelity of
the conditional quantum phase
gate. Here m and n are denoted
by (10)

To qualify the performance of the conditional quantum phase gate, we introduce the gate
fidelity defined as [28]

FQPG = 〈
�0|U †ρtU |�0

〉
, (11)

where the overline indicates average over all possible input states |�0〉, U is the ideal two-
qubit conditional quantum phase gate, and ρt = |�t 〉〈�t |, with |�t 〉 being the final state
after the quantum phase gate operation in our scheme. Assume that the two atoms are ini-
tially in the general state |�0〉 = (cos θ1|gS〉1 + sin θ1|g0〉1) ⊗ (cos θ2|gS〉2 + sin θ2|g0〉2) ⊗
|0〉A|0〉B |0〉F , the ideal target state is |�s〉 = [cos θ1|gS〉1 ⊗ (cos θ2|gS〉2 + sin θ2|g0〉2) +
sin θ1|g0〉1 ⊗ (cos θ2|gS〉2 − sin θ2|g0〉2)] ⊗ |0〉A|0〉B |0〉F . Then the average fidelity of this
quantum phase gate can be written as

FQPG = 1

4π2

∫ 2π

0
dθ1

∫ 2π

0
dθ2|〈�s |�t 〉|2. (12)

To obtain an efficient quantum phase gate with high fidelity, we numerically calculate the
average fidelity versus m when n is set to different values in Fig. 2. Through the calculation,
we find that when we choose ξ = √

35ζ (m = 6) and t = 5
√

2π
ζ

(n = 5), the quantum phase
gate can be achieved with the fidelity of FQPG = 0.98983 and the corresponding probabilistic
amplitude of the state |g0〉A|g0〉B is −0.979547. The fidelity of this gate can further be
increased to 0.99873 when choosing ξ = √

80ζ (m = 9) and t = 22
√

2π
ζ

(n = 22). In this
case, the corresponding amplitudes of probabilities are

|gS〉A|gS〉B −→ |gS〉A|gS〉B,

|gS〉A|g0〉B −→ |gS〉A|g0〉B,

|g0〉A|gS〉B −→ |g0〉A|gS〉B,

|g0〉A|g0〉B −→ −0.99745|g0〉A|g0〉B.

(13)

For the other choices, we can also obtain a quantum phase gate with high fidelity (see Fig. 2
in detail).
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4 Generation of Cluster State and Three-Dimensional Entangled State

To demonstrate the possible application of our quantum phase gate, in this section, we show
how to generate a multi-atom cluster state in two spatially separated cavities. Furthermore,
we also show how to generate a three-dimensional entangled state based on the model of
implementing the quantum phase gate.

To generate a multi-atom cluster state, we prepare all the atoms whose level configuration
is shown in Fig. 1(b) in the state

|φ〉0 = |+〉1 ⊗ |+〉2 ⊗ · · · ⊗ |+〉N (14)

where |+〉i = (|gS〉i + |g0〉i )/
√

2. We firstly put atoms 1 and 2 in cavities A and B , after
applying the quantum phase gate to atoms 1 and 2, atom 1 leaves cavity A and atom 3 enters
cavity A. Repeating the application of the quantum phase gate between atoms j and j + 1,
we obtain a N -atom cluster state

|φ〉r = 1√
2N

(|gS〉1 + |g0〉1σ2) ⊗ (|gS〉2 + |g0〉2σ3)

⊗ · · · ⊗ (|gS〉N−1 + |g0〉N−1σN) ⊗ (|gS〉N + |g0〉N), (15)

where σk = |gS〉k〈gS | − |g0〉k〈g0| (k = 2,3, . . . ,N ).
We now continue to demonstrate the generation of three-dimensional entangled state of

two atoms in two distant cavities. Initially, atoms 1 and 2 are prepared in the state

|ϕ〉0 = 1√
3
(|gS〉1 + √

2|g0〉1) ⊗ |gS〉2 (16)

and all the cavity modes are in the vacuum state |0〉A|0〉B |0〉F . It is obvious that the state
|gS〉1|gS〉2|0〉A|0〉B |0〉F does not evolve under the Hamiltonian (3) and the expression of the
time evolution of the state |g0〉1|gS〉2|0〉A|0〉B |0〉F is denoted by (6). In (8), choosing

√
2ζ t =

n′π (n′ = 1,3,5, . . .) and
√

ξ 2 + ζ 2 = m′ζ (m′ = 2,4,6, . . .), then we have b5 = b9 = 1/
√

2
and b1 = b2 = b3 = b4 = 0. In this way we obtain a three-dimensional entangled state of two
atoms in the form as given below:

|ϕ〉r = 1√
3
(|gS〉1|gS〉2 + |gL〉1|gL〉2 + |gR〉1|gR〉2), (17)

with the success probability of 1.0. The fidelity of generating such a three-dimensional en-
tangled state is given by

FTES = ∣∣〈0A,0B,0F |r
〈
ϕ|�(t)

〉∣∣2
, (18)

where |�(t)〉 is the resulting state of the whole system and |ϕ〉r is denoted by (17). In Fig. 3,
the fidelity FTES is plotted for the cases with different ratios between ξ and ζ .

5 Effect of Photon Leakage

In this section, we investigate the influence of photon leakage of the cavities and fiber on the
implementation of conditional quantum phase gate and the generation of three-dimensional
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Fig. 3 The fidelity of generating
a three-dimensional entangled
state |ϕ〉r versus ζ t

entangled state. The spontaneous decay of the atoms can be strongly suppressed due to the
large atom-field detuning |�k| � |�k|, |λk,l | (k = A,B; l = L,R), so that it does not play
a remarkable role in the dynamical evolution. The master equations for the density matrices
of the whole system are expressed as

ρ̇o = −i[Heff, ρo] −
∑

j=L,R

κF,j

2

(
b

†
j bjρo − 2bjρob

†
j + ρob

†
j aj

)

−
∑

j=L,R

κA,j

2

(
a

†
A,j aA,jρo − 2aA,jρoa

†
A,j + ρoa

†
A,j aA,j

)

−
∑

j=L,R

κB,j

2

(
a

†
B,j aB,jρo − 2aB,jρoa

†
B,j + ρoa

†
B,j aB,j

)
, (19)

where ρo are the density matrices of the whole system corresponding to the implementa-
tion of quantum phase gate (ρQPG) and the generation of three-dimensional entangled state
(ρTES), Heff is given by (3), κA,j , κB,j and κF,j denote the decay rates for photons in mode
j of cavities A and B , and the fiber, respectively. For solving the master equation numeri-
cally, we set �A = �B = �, ξL = ξR = ξ , λA,L = λA,R = λB,L = λB,R = λ, �A = � = �B√

2
,

κF,L = κF,R = κF , κA,j = κB,j = κC . In this case, the fidelities of the quantum phase gate
(FQPG) and the three-dimensional entangled state (FTES) are plotted in Figs. 4 and 5, respec-
tively. We can see from Figs. 4 and 5 that the influence of fiber decay rate κF is smaller than
that of cavity field decay rate κC , and in the meanwhile both the influences of the cavity field
decay rate and the fiber decay rate on the fidelities FQPG and FTES are very small.

Before ending this section, we briefly discuss the experimental feasibility of our scheme.
Based on recent experiments in realizing high-Q cavity and strong atom-cavity coupling, we
can choose � = 10λ = 10 �, λ/2π = 800 MHz, κC/2π = 1.6 MHz, and κF /2π = 8.4 MHz
[29–32] as the basic system parameters of our scheme. As for the fiber coupling to the cav-
ities, a perfect fiber-cavity coupling (with efficiency larger than 99.9%) can be realized by
fiber-taper coupling to high-Q silica microspheres. On the other hand, to achieve the con-
ditional quantum phase gate and the three-dimensional entangled-state generation, the con-
ditions ζ t = √

2nπ (n = 1,2,3, . . .) and
√

ξ 2 + ζ 2 = mζ (m = 1,2,3, . . .) [ζ t = n′π/
√

2
(n′ = 1,3,5, . . .) and

√
ξ 2 + ζ 2 = m′ζ (m′ = 2,4,6, . . .)] should be satisfied. By choosing

the interaction time and the ratio ξ/ζ appropriately, we can obtain the higher fidelities of
the conditional quantum phase gate and the three-dimensional entangled-state. Therefore,
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Fig. 4 Fidelities of
implementing conditional
quantum phase gate versus κC/ζ

and κF /ζ , respectively. Here m

and n are denoted by (10), i.e.,
(m = 6, n = 5) corresponds to
that (ζ t = 5

√
2π , ξ = √

35ζ ) and
(m = 9, n = 22) corresponds to
that (ζ t = 22

√
2π , ξ = √

80ζ )

we believe that it is feasible with present techniques to realize quantum computation and
three-dimensional entangled-state generation under consideration in this paper.

6 Conclusion

In conclusion, based on the photon emission and absorption processes, we have proposed a
scheme to deterministically implement a two-bit conditional quantum phase gate and gener-
ate entangled states of spatially separated atoms. Through numerical calculation, we show
that the proposed scheme is robust against atomic spontaneous decay and photon leakage out
of the fiber because atomic excited states and the mode of the fiber are only virtually excited
during the interaction processes. We also analyze the experimental feasibility of the present
scheme and show that the gate operation and the entangled state generation can be reliably
achieved with high fidelity. The experimental realization of the scheme would be useful
step toward long-distance quantum communication, distributed quantum computation, and
constructing remote quantum information processing networks.
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Fig. 5 Fidelities of generating
the three-dimensional entangled
state |ϕ〉r versus κC and κF ,
respectively. Here we have
chosen ζ t = π/

√
2, and ξ = √

3ζ
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